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Abst rac t - -Th is  work deals with the guidance and control of the motion of a cart. The cart is 
composed from two wheels and an axle that passes through their centers. Each of the cart's wheels 
is controlled separately. Given two points P and Q in the horizontal plane. By using the concept 
of path controllability, a closed-loop control aw for the cart's wheels is derived, to bring the axle's 
center from P to Q during a given time interval [0, t f]. 
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1. INTRODUCTION 
This work deals with the control and guidance of a cart moving on the horizontal (X, Y)-plane. 
The cart is composed of two wheels and an axle that passes through their centers. Each of the 
two wheels is controlled separately. Given two points P and Q in the (X, Y)-plane, and let [0, t f] 
be a time interval, where tf  > 0 is a given number. The problem considered in this work is as 
follows: find a closed-loop control aw to each of the wheels, such that a point (x, y), fixed on the 
center of the cart',; axle (see Figure 1), will move from P to Q during the time interval [0, t/]. 
Note that the motion of the cart is subjected to nonholonomic constraints [1]. 
Let v(t) = (X(t), dx(t)dt ' Y(t)' dy(t))Tdt . If for any two points Q1 and Q2 in R 4, and for any time 
interval [0, tf] control functions for the two wheels can be found such that the cart will move 
from v(0) = Q1 to v(tf) = Q2, then we say that the cart is path controllable. 
In this work, by using the concept of path controllability, a straightforward method for con- 
structing a closed..loop control law for the problem posed here, is proposed. The concept of 
controllability for nonlinear systems is given, for example, in [2,3], and in the references cited 
there (see also, a recent utorial representation [4]on developments in nonholonomic control sys- 
tems). The conditions described there for establishing controllability depend on the structure of 
the Control Lie A]gebra of the system. However, checking these conditions is not a easy task for 
a nonlinear system of high order. The procedure described here for constructing control aws, cir- 
cumvents dealing with the Control Lie Algebra, and was applied successfully in [5,6] to nonlinear 
systems in R 9. 
The problem dealt with here falls within the category of robot motion planning [7]. 
In this work, we. consider the control of a cart moving on the horizontal (X, Y)-plane. Let I, J, 
and / (  be unit vectors along the inertial (X, Y, Z)-coordinate system. Denote by 
k = cos¢I + sin ~bJ, (1) 
Typeset by AA.4S-~I'~X 
129 
130 Y. YAVIN AND C. FRANGOS 
2 
Figure 1. Top view of the cart. 
a unit vector along the axle of the cart (see Figure 1) and let ¢1 and ¢2 denote the angular 
velocities of wheel 1 and wheel 2, respectively. Also, denote by a and L the radius of each of the 
wheels and the length of the axle, respectively. Then, using the procedure described in [8] it can 
be shown that 
i = (2)  wlsin¢, (2) 
y = - (2 )  wl cos¢, (3) 
where wl = ¢1 + ¢2 and •2 = ¢1 - ¢2. This system is also considered in [9,10], and it can be 
shown [10] that it is completely controllable. Define the following state variables: xl = x, x2 - y, 
x3 -- ¢, and x4 = wl. In this work, we use the following control functions Ul and u2, defined by 
Ul = w2 and u2 -- -~t" Hence, the following set of state equations is obtained: 
dt = x4sinx3, (5) 
dx2 
x ,  cos  , 
dt = ul, (7) 
dx4 
dt = u2. (8) 
Equations (5)-(8) constitute here, the equations of motion for the problem dealt with here. 
2. PATH CONTROLLABIL ITY  
In this section, we will show that the system dealt with here is path controllable. Let P -- 
(xo, Yo) and Q = (xD,YD) be two points in the (X,Y)-plane, and let Q1 = (Xo,~o, yo,~lo) and 
Q~ = (XD, ~1, YD, e2), where xo = -~t It=o, ~to = ~ t=o and ei, i = 1, 2, are given numbers. Then 
by using (5)-(8), we obtain 
d2r(t) 
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where r(t) = (xl(t), a:2(t)) T, u(t) = (ul(t), u2(t)) T, t • [0, tf], and 
X4 COSX 3 sin 2:3 ] 
-cosx  
(i0) 
Furthermore, det f~ = - (a lL )x4 .  Denote v(t) = (vl (t), v2(t)) T, t • [0, t f]. By choosing a feedback 
control law of the ~brm 
which is defined, for all 7/= (xl, x2, x3, x4) • R 4, such that x4 ~ 0, and using the notation ul = x, 
g~ d_y. equations (9) and (11) yield 
du(t) = Au(t) + By(t),  t • [0, tf], (12) 
dt 
where u(t) = (ul(t), u2(t), u3(t), u4(t)) y, t • [0, tf], and 
A= 0 0 B= 
0 0 ' 
0 0 
1 
0 
0 
(13) 
The system given by (12),(13) is controllable [11]. That is, for any two points Q1 and Q2 in _R 4, 
and any time interval [0, t f], one can find a control function v(t), t e [0, ti], such that u will move 
from u(0) = Q1 to u(t:) = Q2. Let vo be a control law that transfer u from Q1 to Q2 during 
[0, t]]. Denote by ~(t, r}; u), t • [0, t f] the solution to (5)-(8) such that ¢(0, r/; u) = r] E R 4. Here, 
u = [u(t) = (ul(t), u2(t)) T, t e [0, tl] ]. Then, by using the control aw 
~c(t) = (~) ~-%o(t), t • [0, tf] (14) 
in (5)-(8), we obtain 
T 
dt t=tl dt t=ti 
(15) 
where ~lo = (xo, Yo, ¢o, wlo) is compatible with Q1, that is, 
Q1 = (Zo,~o, yo,yo) T , (16) 
where J:o = ~-flt=od~ and Yo = ~t t=o are computed via (5) and (6) using the values of 7/o. Hence, 
the system given by (5)-(8) is path controllable. The control aw vo is given in the next section. 
3. THE CLOSED-LOOP CONTROL LAW 
Define the folh)wing control aw 
vo(t" = (exp ((t: - t)A) B) T C -1 (u(tf) - exp(t lA)v(O)),  t e [0, tf], (17) 
where 
tf 
c = fexp(( , :  - t)A) B (exp ((tf - t)A) B) T dt, 
o 
(18) 
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u(0) = Q1 and u(tf) = Q~. The control aw vo transfers u from u(0) = Q1 to u(t/) = Q2, [11]. 
Let P --- (Xo,yo) and Q = (xD,YD) be two points in the (X,Y)-plane. Let Q1 E R a be as de- 
scribed in the end of the last section, and let Q2 6 R 4 be given by Q2 -- (xn, el, YD, e2) T, where el 
and e2 are given real numbers.  The vectors u(0) = (Xo, Xo, Yo, Yo) T, where (Xo, Xo, Yo, Yo) T is de- 
scr ibed in the end of Section 2, and u(t / )  = (XD, el, YD, e2) T, both of them used in (17) are 
considered here as the design parameters  for the l inear control law vo, (17). The control law vo 
given by (17) is the required control law discussed in Section 2, and is used in (14). Note that  
direct control of each of the wheels is given by 
d2¢l ( t )  (uc2(t) + dUcl(t) /dt)  
dt ~ : 2 ' (19) 
d2¢2(t_____~) _ (uc2(t) - duc l ( t ) /d t )  (20) 
dt 2 2 ' 
where uc(t) = (UCl(t),uc2(t)) T, t 6 [0,t/], is given by (14). A numerical study conducted on 
the motion of ((., 70; uc) showed that uc(.) is robust for small deviations of 7/0 from v(0). 
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